In this paper, a new special triangular constellation scheme is introduced to replace the commonly used rectangular QAM constellation in orthogonal frequency division multiplexing (OFDM) modulation. We have shown that this new scheme has 3 major advantages with respect to the well-known QAM. The first advantage is its lower error probability performance, which results from better usage of the constellation space with longer minimum distances. The 2 other advantages are a lower peak to average power ratio (PAPR) and higher noise immunity. Both mathematical analysis and simulation results demonstrate that by applying standard channels in 2 cases, i.e. channels with AWGN and channels with burst noise and also with intersymbol interference (ISI) impairment simultaneously, the proposed constellation exhibits superior performance compared to the well-known QAM. As a result, this constellation is a good choice for high-speed and real-time OFDM multicarrier applications such as WiFi, WiMAX, DVB, and DAB at no extra cost.
Introduction
Nowadays, multicarrier transmission is very popular because of the high data rate requirement of wireless systems. Orthogonal frequency-division multiplexing (OFDM) is a special case of multicarrier transmission. It is considered an effective technique for frequency-selective channels because of its spectral efficiency, its robustness in different multipath propagation environments, and its ability of combating intersymbol interference (ISI) [1] .
Quadrature amplitude modulation (QAM) is an attractive technique that has been successfully implemented in multicarrier systems as well as in next generation wireless access [2, 3] . The commonly used rectangular QAM constellation is, in general, suboptimal in the sense that it does not maximally space the constellation points for a given power [4] . The effectiveness of a signal constellation in digital communication systems provides a fundamental basis for the efficiency of application networks. In recent years, different constellations were designed for different modulation schemes. A concise review of the literature is considered as below. In [3] , a new signal-space partitioning method is proposed for the calculation of transition probabilities of arbitrary 2-dimensional signaling with polygonal decision regions. They have shown the exact formulation of bit error probability and symbol error probability in the constellation. An algorithmic technique is presented for signal constellation design for an N -dimensional Euclidean signal space in [5] . Such signals are used for reliable and efficient digital communications on an AWGN channel. The minimum Euclidean distance between signals and the constellation-constrained capacity are used as performance criteria. The authors in [6] proposed a new constellation whose shape was close to that of a snail. They compared the bit error rate (BER) performance of a 16-point non-QAM and the snail mapping with the QAM constellation. In [7] , an asymptotic (large signalto-noise ratio) expression of the minimum distance type is derived for the error rate of signal constellation in the presence of AWGN noise. The authors in [8] investigated 29 empirically generated amplitude phase keying (APK) constellation sets with M -ary alphabet sizes from 4 to 128 to determine optimum designs.
The authors in [9] have considered the design of multidimensional compact constellations for minimizing the average symbol energy for a given minimum Euclidian distance between constellation points. In [10] , different constellations with different mapping have been compared based on symbol error probability in the presence of strong phase noise. In [11] , nonuniformly spaced (geometrically shaped) constellations are designed to maximize either joint capacity or parallel decoding capacity. The authors in [12] demonstrated different constellations and their comparison results. They proposed different parameters and based on the offered parameters, they compared different constellations. It must be noted that most of these constellations were applied for single carrier modulations. This means that considering the performance of different constellations in multicarrier modulation (MCM) mapping still is a new subject for authors.
In the literature, some authors also proposed and applied typical triangular mapping. In [13] , a triangular constellation is proposed and the authors have presented the mathematical model for symbol error probability of triangular quadrature amplitude modulation in a single-input multioutput environment. The authors in [14] proposed a new code for different constellations. They have used some triangular constellations with different mapping. In [15] , different constellation mappings are applied for different modulations and they are compared from different points of view. Some triangular constellations mapping are drawn. Some of the most important of these triangular constellations are demonstrated in Figure 1 . Although the triangular constellation is almost a well-known mapping, as mentioned in [13] [14] [15] , there are different configuration points with different specifications. This paper aims to achieve more efficiently multicarrier OFDM modulation performance, only by changing its constellation configuration. For this purpose, we propose a new constellation whose points, as shown in Figure 2 , are configured as a part of an equilateral triangular structure. The points of this kind of triangular constellation are symmetric with respect to the origin. However, in this configuration there are some 19 points and for achieving a good bit mapping performance 3 of these points must be omitted. In order to change this constellation to a 16-point constellation, there are different configurations, but the points of the proposed constellation, as shown in Figure 3a , are arranged such that its error probability is less than that of the wellknown QAM. It was stated in [4] that the error probability of a digital modulation depends on the reverse of the minimum distance. Based on this fact, the proposed scheme has lower BER than the QAM. In other words, the minimum distance of the propose scheme is greater than the minimum distance of the rectangular QAM constellation. Moreover, different rectangular QAMs are used in different multicarrier modulations. In the US, 64-QAM and 256-QAM are the mandated modulation schemes for digital cable as standardized by the SCTE in standard ANSI/SCTE 07 2000. In the UK, the 16-QAM and 64-QAM are standardized by the Digital Video Broadcasting-Terrestrial (DVB-T) standard [16] . In this paper, based on the DVB-T standard, a 16-point constellation is chosen.
In [17] [18] [19] the effects of cyclic prefix (CP) length in different channels for MCM are considered. CP and zero-padding are well-known prefix construction methods, the former being the most employed technique in practice due to its lower complexity [17, 18] . In most digital communication systems such as practical OFDM systems, the ISI occurs due to bandlimited channels or multipath propagation. A cost-effective way for decreasing the ISI in digital communication systems such as multicarrier systems comes at the expense of the bandwidth efficiency reduction caused by inserting the CP, with the length longer than the length of the channel impulse response, to each symbol [19] . It is apparent that, for more efficiency, an OFDM modulation that can perform well at short CP lengths is highly desired [2, 6] .
For better and more proper comparison purposes, for bit rate efficiency point of view, Gray bit mapping is applied for the QAM and the new proposed 16-point constellation. The modulation performance may be measured in terms of the bit error rate (BER), the convergence rate, and the residual ISI. In this paper, the performance is measured by the BER criterion.
Furthermore, for better verification of the proposed scheme benefits, Stanford University Interim (SUI) standard channels with AWGN and burst noises are applied to the OFDM modulation. In each case, the channels have ISI impairment simultaneously. The mathematical analysis and simulations results show that the new constellation with the same power has a lower BER, especially for high SNRs, than the rectangular QAM.
The 6 SUI channels, as shown in Table 1 , have 3 terrains: A, B, and C. These terrains have different Doppler range variation, delay spread, nonline of sight (NLOS), and LOS condition according to Erceg's model [20] [21] [22] . This model is gathered by AT&T service based on extended experimental data. In this model, areas are classified in 3 terrains. Terrain A is hill areas with dense trees and high path loss. Terrain B is hills with low dense trees or a flat area with dense trees. Terrain C is flat areas with less dense trees and low path loss with respect to terrain A. In Table 2 , the SUI-1 channel, for example, with its features for channel taps with different delays, is shown. Gain reduction factor (GRF) compares average power reduction for a 30 degree antenna with respect to an Omni antenna. If there is a 30 degree antenna, the determined GRF factor must be added to the path loss [20] . 
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The paper is organized as follows. Mathematical analysis of ISI impairment in the OFDM system is performed in Section 2. The analysis of the OFDM modulation is described in Section 3 and mathematical analysis of the TRI constellation performance is described in Section 4. In Sections 5 and 6, simulation results and conclusions are presented, respectively.
Mathematical analysis of ISI impairment
In this section, conditions that cause ISI impairment are considered. For this propose, it is assumed that an OFDM symbol in the baseband is defined as In this work, it is assumed that the channel impulse response to be presented is
where h l is the mutually uncorrelated zero-mean complex Gaussian tap weight coefficients and T is the OFDM symbol period. It is assumed that the ISI on a symbol is only limited by the previous symbol.
The mathematical representation of the mth symbol of the output of the OFDM transmitter can be written as
The received baseband signal at the input of the OFDM receiver will be as
At the receiver side, in order to demodulate the k 'th subcarrier of the m 'th OFDM symbol and by replacing n with n + m ′ N , we have
Eq. (5) will be considered in the three following cases and since in the case of m ̸ = m ′ , s[n] is out of the DFT region, 0 ≤ n ≤ N − 1; therefore the result will be zero.
By considering the DFT region in Eq. (5) and the s[n ] region, we will have
In this case, the s[ n] region is similar to the previous case and then
In this case, the s[n] region is l − N ≤ n ≤ l − 1, and therefore
Because it is assumed that the maximum latency LT / N is less than T , then N will be greater than L(L is the maximum length of l). This means that the lower bound of the n region in the s[n] function will be negative.
Therefore, Eq. (5) will be
Finally, r k ′ ,m ′ is the summation of Eq. (6) to Eq. (8); therefore the OFDM symbol will be
In Eq. (9), the first term is the desired data, scaled by a complex number depending on the channel taps. The second term represents the intercarrier interference (ICI) caused by other subcarriers belonging to the current OFDM symbol. Finally, the third term represents the ISI caused by the subcarriers of the previous OFDM symbol [23] .
The ISI can be avoided by the insertion of a GI at the beginning of each OFDM symbol. The GI should be longer than the maximum possible delay spread of the channel. The GI part of each symbol is filled with copying the end part of the same symbol. In [23] it is shown that after removing GI in the receiver, the final r k ′ ,m ′ term will be
which contains only the desired symbol, free from the ICI and ISI. Therefore, by inserting a GI longer than the maximum delay spread of the channel and by cyclically extending the OFDM symbol over the GI, one can eliminate both the ICI and ISI completely and the channel appears to be flat fading for each subcarrier.
Analysis of the OFDM modulation
OFDM is a digital MCM technique that transmits a number of narrowband slowly modulated signals instead of one wideband fast modulated signal. In traditional OFDM, a fast Fourier transform (FFT) is used to assign parallel data to orthogonal subchannels [24] . This method has some advantages such as:
1. Parallel transmission occurs over different frequencies in order to support digital data transmission in multipath fading channels, since this spreads the fading effect on many bits and degrades its effects.
2. Due to orthogonality between subchannels, their spectrums are allowed to overlap with each other, resulting in bandwidth efficiency increasing [25, 26] .
3. Parallel transmission also increases symbol length, leading to more robustness of the system against ISI, multipath fading channels, and wideband channels with impulse noise characteristics [25, 27] .
4. Because of using the FFT, traditional OFDM is a comparable low complexity MCM technique [26, 28] .
With the aid of the IFFT and appending a CP between the individual blocks at the transmitter and taking the FFT at the receiver, a broadband frequency-selective channel is converted into a set of parallel flat fading subchannels or tones [29] .
In this paper, for more efficiency, it is assumed that the channel impulse response, h = [ h 0 , . . . , h L ], is longer than the CP length and therefore the system suffers from ISI. In this case, the transmitted symbol at time k − 1 will contribute to the received symbol at time k as the below matrix equation [30] . In this case, it is assumed that X 
. . .
with
where v is the length of CP. Now suppose that IF N is an N × N IDFT matrix; then the demodulated received symbol in Eq. (11) becomes
The 2 terms T (k) P and T (k−1) P on the right-hand side of Eq. (12) 
Mathematical analysis of the TRI constellation performance
The average power ( P QAM ) and the error probability ( P e(QAM ) ) for the rectangular 16-QAM, as shown in Figure 3b , with a minimum distance of 2d and a noise variance of σ 2 , and also the Gray bit mapping are defined in terms of the Q-function as below [15] Figure 3. QAM and TRI constellations.
The new proposed constellation is a part of the triangular constellation, which is shown in Figure 3a . The points of this constellation are positioned on the vertex points of equilateral triangular structures. Therefore, we named it triangular form (TRI). In the TRI constellation, it is assumed that 2d 1 is the minimum distance between 2 adjacent points and σ 2 is the noise variance. Therefore, the constellation average power by averaging the summation of all power points will be
For comparison, it is assumed that the QAM and the TRI constellations have the same average power. For this propose, d 1 will be 9.25d
It is obvious that the minimum distance of the TRI is longer than that of the rectangular QAM, and as a result it has a lower error probability with respect to the QAM. For computing the error probability of the TRI constellation, we numbered, as in Figure 3a , the constellations points. The TRI constellation points, for error probability computations, based on the number of adjacent points for each point (and as a result, the same error probability), are divided into 5 groups as below.
a) The 6 points of Figure 3a , labeled as {1, 5, 10, 12, 13, 16} , have 3 adjacent points. Therefore, the error probability of these 6 points is 3 times the error probability of each point as below
b) The 5 vertices points, labeled as {6, 9, 11, 14, 15} , have 4 adjacent points. Therefore, their error probability will be
c) The 5 vertices points labeled as {2, 3, 4, 7, 8} are adjacent to 6 other adjacent points. Therefore, the error probability of these points will be
It must be noted, considering the Q-function properties, in computing the error probability of each point, as the error probability of the QAM modulation, only the nearest points are taken into account and the points with longer distances are ignored. Moreover, it is assumed that the points are transmitted with the same probability. Therefore, the total error probability of the TRI constellation, with substitution d 1 = 1.039 d, is the average of Eq. (6) through Eq. (8) as below
Comparing Eq. (13) and Eq. (19) and considering the Q-function table, it is obvious that the error probability of the TRI constellation, especially for high values of d 1 /σ or high SNR, is less than that of the rectangular QAM. Therefore, the mathematical analysis shows that the new proposed constellation has an error probability lower than that of the QAM.
The 2 other specifications for constellations comparison are the peak to average power ratio (PAPR) and the noise immunity η , which are defined respectively as below [12] P AR = 10 log 10
where P k is the power of the k th point, P is the average power of the constellation, d 2 is the minimum distance of a 2-QAM, and d(i, j) is the distance between the 2 points i and j . The PAPR defines the linear operation area of the system. Signals with a higher PAPR require higher precision components [12] . This parameter for these constellations is computed as below P AR QAM = 10 log 10 ( 4.5
P AR T RI = 10 log 10
It is obvious that the second advantage of the TRI constellation is its lower PAPR with respect to that of the QAM. It is clear that the lower the PAPR, the better the constellation.
The noise immunity, η , defines the difference in SNR, necessary to ensure the same average error probability [12] . The third advantage of the new constellation is its η higher than that of the QAM, which are computed as below
η T RI = 20 log 10
Finally, for more verification of the advantages of the TRI constellation, the minimum distances of the 3 triangular constellations in Figure 1 are computed as below. The constellation of Figure 1a , as proposed in [13] , has 8 couple points with the same distance to the origin. It means that the points in each couple have the same error probability. Now suppose that 2x 1 is the minimum distance between 2 adjacent points and σ 2 is the noise variance. Therefore, the constellation average power by averaging the summation of all power points will be
For comparison, it is assumed that the QAM and this constellation have the same average power. For this propose, x 1 will be
Referring to Eq. (15), this constellation is better than the QAM, but the TRI constellation is better than this constellation. Now suppose that in the constellation of Figure 1b , as proposed in [15] , 2x 2 is the minimum distance between 2 adjacent points and σ 2 is the noise variance. In this case, there are 4 groups of 4 points with the same distance to the origin. Therefore, the constellation average power will be
Assume, for comparison, the QAM and this constellation have the same average power. For this purpose, x 2 will be
This means that the minimum distance of this constellation is smaller than that of the QAM and as a result the performance of QAM and TRI is better than that of this constellation.
The constellation of Figure 1c , as proposed in [15] , has 4 groups of couple points and 2 groups of 4 points with the same distance to the origin. Suppose that 2x 3 is the minimum distance between 2 adjacent points and σ 2 is the noise variance. Thus, the constellation average power of all power points will be
For comparison, it is assumed that the QAM and this constellation have the same average power. For this purpose, x 3 will be
The performance of this constellation is the same as that of QAM and is lower than that of the TRI constellation. These computations show that the minimum distances of these 3 triangular constellations are not greater than those of the TRI constellation, and as a result it is obvious that the proposed TRI constellation has better performance, i.e. lower BER, than these 3 constellations.
Simulation results
In this work, the OFDM transceiver of Figure 4 was simulated. The random serial input data are modulated through a constellation mapper and then converted to a discrete time blocks through 256-IFFT. In this system, SUI-1 through SUI-6 standard channels with 3 taps and AWGN and burst noises are used. For transmission efficiency, the CP length was set 1 symbol, i.e. the CP length is smaller than the channel impulse response length with 3 taps. This means that the implemented system will suffer from ISI. At the receiver, we convert the channel output from serial to parallel and after removing CP from each symbol, FFT is taken, and then we extract the main symbol. A novel 16-point triangular constellation (TRI) and 16-QAM, with Gray bit mapping and their specifications, as shown in Table 3 , are applied to the OFDM transceiver. In this simulation, it is assumed the minimum distance of QAM constellation is d = 1 and therefore the minimum distance of the TRI constellation will be 1.039. For comparison, it is assumed these two constellations have the same average power with the amount of P =2.5. For verifying the TRI constellation, 3 experiments by MATLAB software have been performed on the OFDM transceiver. In each experiment, 100,000 data blocks have been sent and the program has been run 1000 Figure 5 . It is obvious the TRI constellation has better performance, in BER, than the QAM constellation. In the second experiment, 6 standard channels, SUI [1] through SUI [6] , and an AWGN noise (with zero mean) were employed and in the third experiment, burst noise was employed. Burst noise is a kind of noise that occurs suddenly and affects stochastically a part of the data stream. The parameters of the burst noise, i.e. duration, power, and position of its occurrence, were produced with normal standard distribution N (0,1), i.e. normal distribution with zero mean and unit variance. This means that we have stochastically changing based on N (0,1) distribution for the duration, power, and position of occurrence of the noise in the channel for each realization. For each experiment, the BER is the criterion obtained from the ensemble average of 1000 independent Monte Carlo simulation repetitions. Because the results are almost the same, for the second and third experiments, only the results for SUI [1] channel are shown in Figures 6 and 7 . Simulation results show that the TRI constellation has a lower error probability, especially for high SNRs, than the well-known rectangular QAM in the both channels. It must be noted that in our simulations co-channel interference caused by the other transmitter's OFDM signals are not considered. 
Conclusion
In this work, a special triangular TRI constellation was introduced for OFDM applications. The performance of this constellation was measured against the well-known QAM constellation for SUI channels with the AWGN and burst noises and also with ISI impairment simultaneously. The simulations results verify that the TRI constellation, with an insufficient length of CP, has lower BER and PAPR, while it has higher η than the QAM. Therefore, the proposed constellation is a suitable candidate to replace the rectangular QAM in multicarrier modulations such as OFDM.
